GLOBAL REGULAR SOLUTIONS FOR THE NAVIER-STOKES 
SYSTEM WITH SMALL INITIAL DATA IN $(2): AN 
ELEMENTARY APPROACH. 
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Abstract. In this note we show that solutions of the Navier Stokes equation 
that are small in L°° ((0, T) , $ (2)) are also globally smooth. This result relates 
to a recent result in [l] (announced in [B]). Also, we give elementary proofs of 
some classical results of Giga [5], v. Wahl 1101 . and Kozono-Sohr [7]. 



1. Introduction 

One of the outstanding problems in mathematics is the existence of global regular 
solutions to the Navier-Stokes system 

■ut - Am + u • Vw + Vp = in x (0, oo) 
u{x,0)=ip, divu — 0, 

where = [0, 1]^, with periodic boundary conditions. 

Several short time existence results and small-initial data-global existence results 
have been shown for different Banach spaces and the literature on the subject is 
extensive. This note is another contribution to the subject. 

Before we state our main results we must give a few definitions. Given a function 
u {x, t) e (T'^) we write its Fourier expansion as 

Mk (t) exp (27ri (x,k)) , k = (fci, ^2, h) G Z^, 

k 

and we define the spaces $ (a) C V {V is the dual of the space of C°° periodic 
functions on T'^) as follows, 

: l/k|<^,k^O, /o-O 
endowed with the norm 

sup |kn/ki 

kGZ3\{0} 

which makes them Banach spaces. Notice that if a > f , $ (a) C (T^). These 
spaces are considered in [1], where the following Theorem with Q! = 2 + e,e>0, is 
proved 

Theorem 1. Let < 3e < 1 and WipWa — ^ where ip = ^j^^ is the initial condition 
and 6 = 6 (a) is sufficiently small. Then equation has a global solution v {t, k) = 
^^1^1^ such that c(t, k) is a continuous mapping from [0,00) to L°° {1? \ {0}). 
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The result with a = 2 is announced in [6j. In this note we prove some related 
results, where the treat for the reader is the elementarity of the proofs, which are 
in the spirit of the ideas presented in ^ (in this note we use nothing beyond the 
Cauchy-Schwarz inequality). 

We shall show the following results, 

Theorem 2. There is e > such that if a Leray-Hopf solution u (x, t) of the Navier 
Stokes system satisfies 

(2) sup |k|'|ukWI <e on (0,T) 

|k|>_ff 

for some K > Q independent of time, then u is smooth for every < t < T . 
Theorem 3. There exists an e > such that if the initial condition ijj satisfies 

llV-lla <e 

then any Leray-Hopf solution of (Qp with initial condition ■0 satisfies 

||u(t)||2<e if t>0. 

Recall that a Leray-Hopf solution of ((T|) with initial data ip & L'^ (T^) is a 
function u : [0, T) — > (-^3^ g^^j^ ^T^g^^ 

(1) M is weakly continuous; 

(2) 

u e L°° (0, T; (T^)) n (O, T; (T^)) ; 

(3) u satisfies 

{u (t) , (t)) + -(u{t), -^(p (r)^ + (Vu (r) , (r)) + {u ■ Vu, <f) dr 

= (wo,'p(0)) 

for aU ^ e C°° (T^ x [0, T)) with divip = 0; and 

(4) the energy inequality 

ll"Wlli2(T3) + 2 / |1Vu(t)||^2(t3) dr < |lV'lli2(T3) 
Jo 

holds. 

For results on the existence of Leray-Hopf solutions of the Navier-Stokes system 
with initial data in (T^), the reader may consult Chapter 3 of [TUj . 

The following result is an inmediate consequence of the existence of a Leray-Hopf 
solution for a given initial data ip E L'^ i'^^)' ^'^^ Theorems [2] and [3l 

Corollary 1. there is e > such that if the initial condition ^ satisfies 

11^112 <e 

then there is a global regular solution to problem (QJ). 

It must pointed out that in Corollary [1] as it will be clear later on, one does not 
require the initial value tp to be real valued, nor the use of Leray-Hopf 's Existence 
Theorem to prove it, as we have suggested, we postpone a discussion of this issue 
until the final Section of this paper (see Section 15. 2p . 

Also, as another application of the methods used in this note, we show the 
following "classical" regularity result. 
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Theorem 4. Letu{x,t) e L°° (o,T;Hi (J^)) be a solution of [J\). There exists 



a S > such that for any p > 0, if \\u {t)\\^i^^.^^ < S for t G (0, T), then there is a 



K = K [ \\u\\^^f^rr.„i„3,^ :P ) such that if |k| > K and t > p, then 



|k| 

where ^/Lq = sup^g^Q ||w ^^3^ and c is a universal constant. Therefore if 

Lq is small enough, u is regular on {0,T). 

As a consequence of the proof of Theorem |4] one can show that a solution to 
the Navier-Stokes system that belongs to the space C |^(0, T) , (T'^)^ is regular 
(the same result, but with (fl), fl a domain with C^~^^ boundary, instead of 

2 (T^) was proved by Giga in [S] and by von Wahl in [TO]), and also that small 
discontinuities in (T^) norm are allowed (for the related result on (fi) see 
[7]); we indicate how this can be done in Section [Ql We must also add that the 
results of this paper can be generalized to higher dimensions (of course with the 
appropiate obvious hypothesis) without too much effort. 

This paper is organized as follows. In Section [5] we give a proof of Theorem [31 
in Section [3] we give a proof of Theorem [2l in Section [4] we give a proof of Theorem 
m and in Section [5] we make further comments on the results of this paper. 



1.1. Some Remarks and Notation. The Navier Stokes system can be written 
in the phase space as follows 

|k| 

Notice that by the divergence-free property, one also has that the infinite dimen- 
sional ODE system for the Fourier coefficients of the Navier-Stokes equation can 
be written as 

<t = - ik^ < - z ^ + ^ E ^^«-c. 

From now on, since all that matters is its assymptotic behavior, we will write 
the sums 

Efcj«-a' E "iriT^"""k-a as EkWaWk-a, 

|k| 

and 2^0L.jU^u'^_^, 2^ |. ,2 "a<^a as 2^au„Uk-a 

If X is a "classical" Banach space (like the L^"s or iJ'J's) we denote its norm 
by Wx- also important to notice the following: since the solutions to ([T]) are 
divergence free, in our estimations sums of the form X^qgz Cl'^a^\^-a are equivalent 
to sums of the form Xlae2 kwaMk-o- 
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2. Proof of Theorem [3] 
Following the analysis and arguments in all we must show is that the sum 

a 

is small compared to the term — |k|^ Uk whenever |uk| is close to Here we work 
formally, but the arguments can be made rigorous by using Galerkin approximations 
and then taking limits. Now that the reader has been warned, we proceed with our 
calculations. Let 

aUc(Uk-a =/ + // + /// 

a 

where 

I = ^ aUctUk-a, // = ^ aUaUl^-a, 

Q|<2|k|,|k-Q|<i^ |Q|<2|k|,|k-Q|>i^ 

and 

III = ^ kUaUU-a- 

ct|>2|k| 

Under the assumption | 

I — I 5 w6 CcLii bound. eHch of these terms as follows, 

|/|<2|k|il kk-o|<^Ce|k|=4Ce^ 
'''' |k-a|<M 
where C is a constant such that 

(3) H T^2<cl ^dx. 

l<l"l<r Jl<|x|<r, X6R3 |x| 

In a similar way, for a constant C universally defined, we obtain the estimate 

\II\ < 4Ce^ 

Finally, from 

|a|>2|k| l"l 

using the elementary estimates 

|a| < |k- a| + |k| and |k-a|>|k| (recall that |a| > 2 |k|) 
we obtain, 



where C > is a constant such that 

(4) rv^^ f -^dK< 



|Q|>2|k| 1"^! 



|a|>|k| -'|x|>|k|, xeR3 Ixl'^ |k| 

Therefore, for a constant C > universally defined, the following bound holds, 



E 



aUaUk-c 
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From the last inequality it is clear that by taking e > sufficiently small the 
result follows. 

□ 

3. Proof of Theorem [2] 

Let p > 0, we will show that there exist an e > such that if u a Leray-Hopf 
solution fo the Navier-Stokes system satisfies ([2]), then u is smooth for t > p. Let 
e e (0, i) and assume u satisfies © for this e. Then, there is a fc_i such that 

l"kWI<-^ if |k|>fc^i, 

|k| 

and without loss of generality we can assume that fc_i is large enough so that 

(5) exp I - 1 < e^" holds whenever |k| > for all n G N. 

Notice that, by the energy inequality satisfied by Leray-Hopf solutions, there 
exists a constant D > such that for all frequencies k such that |k| < k-i it holds 
that 

|uk (t)\ < for t > 0. 

|k|' 

Choose fco so that -^^^ ■ D < e < ^. Define ki = -^ko and a sequence /z„ 
inductively as follows 

/xo = l,pi = 2; and ^„+i = 2^„ - 1, if n > I. 

The sequence thus defined satisfies the following. 

Lemma 1. For the sequence fin it holds that ^ < ^ < 1, for n > 2. 

Proof. It is easily proved by induction. □ 

Now we continue with the proof of Theorem [21 Define 

, P 

2" 

and assume that for t > tn the following estimate holds 

|"kWI<-^ if |k|>fc„. 
|k| 

The idea is to show that this estimate improves for frequencies k such that |k| > 
kn+i and times t > tn+i- Notice that this estimate holds for n = 0. 

In order to proceed, assume |k| > kn+i- As before, we must estimate the sum 

^ aUaitk-Q = I + II + III + IV + V 

a 

where the meaning of /, //, ///, IV and V will become clear in what follows. Before 
we start, we must point out that the constant C that appears in the following 
estimates is the maximum between the constant C that appears in inequality ([3]) 
and the constant C that appears in inequality ([4]). 
Let us then begin by estimating the first term 

/ = /l+/2, 
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0<|a|<fe-i,|k-Q|>i^ 0<|a|<fe_i,|k-Q|>i^ 



< 



n+l 



|a|<*:_ 



(and by inequality ([3])) 



and since ko < kn, by our choices we obtain 

|/i| < 4e^" • i • Ce^" = 2Ce2''-. 

On the other hand 



1 < X |aUaUk-a| 

fc_l<|Q|<fc„,|k-Q|>^ 



A;_i<|Q|<fc„,|k-a|>-!^ 

- -p — 2^ 

'^'"+1 A;_i<|a|<fc„ 
fc 

< 4e^" • CeA:„ (by incquahty dS])) 

In the previouos estimation, to go from the second to the third hne, we have 
used the fact that 

lk-«|>M>^>fc„. 

Hence, 

|/| < |/i| + I/2I < 2Ce2''" + 2Ce2''" = iCe^^"". 
The second term can be estimated, using inequahty as foUows 

\II\ < X] |aUQUk-a| < X \Ua\ 

fcn<|a|<2|k|,lk-a|>i^ fc„ < |q | <2|k| , |k-Q| > 

To estimate the third term we proceed in a similar fashion, 

\III\ < X \aUaUk-a\ 

|Q|<2|k|,fc„<|k-a|<-l^ 

< ^ E \u^-c.\<2Ce''^-. 

a|<2|k|,fc„<|k-a|<i^ 
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To estimate the fourth term we spht it as IV = IVi + IV2 and proceed, 

l^^ll = X! \aUaUk-a\ 

|Q|<2|k|,|k-a|<*:_i 



Q|<2|k|,|k-a|<*:_ 

2e^ 



|Mk- 



< 



k. 



n+1 



In the previous estimation, to pass from the first to the second hne we have used 
the fact that |k — aj < impUes, by the triangular inequahty, that 

|a| > |k| - /c_i > kn+i - fc-i > ^kn+i > fc„, 

and to pass from the second to the third line we made use of inequality ([3]). We 
estimate IV2 as follows, 

I/V2I ^ \aUaUl^-a\ 

la|<2|k|,fc_i<|k-a|<fc„ 

< E TT l^k-a| 
|a|<2|k|,fc_i<|k-Q|<fc„ ' ' 

< C-efc„ < 2e^"C-^e< 2Ce''"e2 <2Ce^^'", 



and again we have used the fact that 

|k - a| < kn implies |a| > kn+i - k,, > ^^n+i, 

and inequality ([3]). Hence, we obtain the bound 

\IV\ < \IVi\ + \IV2\ < SCe^^" . 
Finally, the fifth term yields 

|1^|< |k"alik-a| < |k| 



\a\^ Ik — al^ 



a|>2|k| |Q|>2|k| 

and using that |a| > 2 |k| implies that |k — a| < |k| and inequahty we obtain 

|Q|>2|k| 1*^1 ' ' 

Let e > be small enough (say e < -g^)- Then, for t > tn, we can bound the 
nonlinear term as 



E 



aUaUk-a 



< |/| + + + + 

= 27Ce2^" < ie^^"-! = if |k| > A;„+i, 
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and integrating the corresponding differential inequality for the Fourier coefficients, 
it follows that 

l^k Wl < £2 exp (- |k|2 {t - i„)) + ie^"+^ (1 - exp (- \kf [t - i„))) 



as long as |k| > fc„+i and t > t„. 
This shows, using ([5]) and Lemma [1] that 

, . M 1 „ 1 1 

' ^' - 2 |k|2 2 |k|2 - |k|' 

whenever |k| > fc„_|_i and t > tn+i- 

Assume that t > p > p — ^ (neN). Given any k, let n G N large enough so 
that kn < |k| < kn+i- Then, as we just showed, the estimate 

\ukit)\< — K holds. 
|k|^ 

1 

1 

Since /i„ > ^2", it follows that e^" < — V whenever |k| < fc„+i, and hence that at 

|k| ^ 

time t > p, for wave numbers k G Z"^ large enough, 

C 

l"k(i)l<--^ holds. 
|k| 

This shows that u € L°° (^p,T: H^'^^ ('^'^))' from the work of Leray (see 
[8], and [4] for a proof of this regularity result in the periodic case) the Theorem 
follows. 

□ 

Remark. One can end the proof of the previous Theorem without recurring to 
Leray's regularity result. Indeed, it can be shown that if there is a C so that 

l^kW|<-S+^ foraU teiU,T) 



then for every ^ > there exists a D such that 

D 

Ik 



Uk(OI < „ ,2+2p for teiU+S,T). 



Hence, by a finite iterarion we arrive to the fact that the enstrophy remains 
uniformly bounded on any interval of the form (t* + i5, T) with i5 > 0. From this, 
one can use the method of Mattingly-Sinai ([S]) to conclude that u is analytic in 
space. 

4. Proof of Theorem [H 

We proceed now with the proof of Theorem [4] Our first important observation 
is the following simple, 

Lemma 2. Assume J |V|^ u\ < M. Then there is a constant c>l, 

\ua\< cM^r. 

0<\a\<r 
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Proof. The result follows from a judicious application of the Cauchy-Schwartz in- 
equality. Indeed, 



E o 



0<|Q|<r \0<|a|<r 

where c is a constant such that 

0<|Q|<r 

Notice that c does not depend on r 



1 0<|Q|<r 



, I < C 

^1 •/l<|x|<r, xSR^ 1^ 



■; r dx. 



□ 



Lemma 3. Let u{x,t) e (^0,T;H2 (T^)^ be a solution of (Qp. There exists a 

hen there is 

(o,T;H3(T3)) 



6 > such that for all p > 0, if \\u {t)\\ ^^^^ < S for t S (0,T), then there is a 



SMc/i that if |k| > i4:o2", n>N, then 



(6) l^kWI < 



V2 (4 + x/2) Lq/ (1 - 2cVL^ 

ll.|2-7. 



where tn = p — and yTo = sup^g^Q ||m (t)||^^^^3^ and c as in Lemma\^ 
Proof. First, given p > choose large enough so that for all n, and / > n, 



(7) 



Now we proceed to show estimate (jS]) by induction. We begin by showing the 
result for n = 1. Write, 



where the meaning of the terms on the right hand side will become clear in what 
follows. We begin by estimating / as 



< ^ laMaUk-al 
l"l<2|k| 



|a|<2|k| 

■\/|Q;|zia^k— a 

a|<2|k| 

and then the Cauchy-Schwarz inequality yields. 



|a|<2|k| 



Q|<2|k| 



i(T3) ll"llL2(T3) 
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We estimate // as follows 
\II\ ^ 



|Q|>2|k| 



Q|>2|k| 

The last inequality in the previous estimation follows, once again, from Cauchy- 
Schwarz. 
Recall that 

Vl'o^ sup \\u{t)\\ I 

Then, the previous estimates, by integrating the differential inequality obtained 
for the Fourier coefficients, yield the following bound 



\uk {t)\ < V-^oexp 



P|k|- 



Ikl^ 



< 



2 — 2- Here we have used the 



5(T3)' 



if |k| > Kq, for Kq large enough, as long as t > p 
fact that for a given w € if t«o = then ||w||i2(T3) < ^ 

Now assume that for t > tn the estimate holds for 

|wk {t)\ < ^2- ^olds for \k\ > KaT. 
|k| 

We will show that if i > t„+i, n > 1, then the following estimate holds 

Dn+l 



l«k(t)| < 



if |k| > Ko2 



ji+i 



where (with c as in Lemma [2]) 

In order to do this, again we must estimate 

aUal^k-Q + + /// 

a 

where 

/ = ^ aUaUk-Q, II = ^ aWaUk-a 

|Q|<2|k|,|k-Q|>i|k|i-"'" |k-a|<i|k|i-^" 

and 

III = ^ aUoMk-Q. 

|Q|>2|k| 

From now on, the assumption |k| > i^oS""^^ is in place. Let us estimate /. First 
notice that if |a| < 2 |k| and |k— a| > i |k|^~'''" then the following inequalities 
hold 



|k-«|>i|k 



>1 i 



2 V 2 



a 



1 , 

>4l« 



1-7^ 



By taking square roots, from the previous inequalities we deduce that 

2^k^ > 
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and hence if |a| < 2 |k| we get 

< 2 |ar"+^ < 2 • 2^-+^ |kp"+^ 

Therefore, / can be estimated as 

|/| < 2 • 2^"+^ Ikp-^^ ^ /[k^ l^^k-cl < 4Lo |kr"+^ , 

where the last inequaUty foUows from the Cauchy-Schwarz inequahty. 
Let us estimate //. From the induction hypothesis, we find that 

since |k — a|<5|k|^~'''" imphes that 

\a\ > (1 - ^) Ik| > Ko2" 

(i.e., the first inequahty foUows from the induction hypothesis and the assumption 
|k| > ^02"^^). The last inequality in the estimation of // follows from Lemma[2j 
Finally, again by the Cauchy-Schwarz inequality, we have that 

\ni\< V^V2 |k - a\ kk-al < V2L0. 

\a\>2\k\ 

Hence, integrating the ODE system for the Fourier coefficients yields, 
|uk(i)l < /^exp(-|k|'(t-i„)) 

for 

|k| > Xo2"+^ and t > t„. 
Therefore, by our choice of A'o (given by (O), we obtain the following estimate, 
valid for all frequencies k such that |k| > Ko2^^^ and t > 

2cy/L^Dn + (4 + V2) Lo 



l"k(t)| < 



Finally, to prove estimate ^ , all that is left to show is how to bound the sequence 
(-^n)n=o 1 2 effectively for large n. This can be done as long as 2c^/Lo < 1, and 
it can be seen in this case that 

limi.„^(^ + ^)^" 



1 - 2cVl^ 

This finishes the proof of the Lemma (take S < 

□ 

Theorem m follows immediatly from the previous Lemma. Indeed, 

Proof of Theorem^ Since for n large enough Kq"2^ < V2, if k satisfies that 
Ko2'^ < |k| < is:o2"+^ and t > tn+i, Lemma [3] yields 

I , ^ Ikp" ■ V2 (4 + V2) Lq/ (1 - 2c^) ^ 2 (4 + V2) Lp/ (l - 2c^) 
l"kWI_ 2 - .,2 
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Therefore if i > p, for wave numbers k large enough the required estimate holds, 
and Theorem |4] is proved. 

□ 

5. Last Remarks 

5.1. Corollary from the Proof of Theorem [4l Notice that if there is a fcp so 
that for all t G (toi^i) the expression 

(9) ^ |a| |mq|^ < i5 for 6 small enough 

a|>fco 

then it follows from the proof of Theorem 0] that for any p > there is a Ki which 
depends on p (but not on 5 > for small 6), such that 

sup \kf\ui,{t)\<CS for te{tn+p,ti), 

\k\>Ki 

and the constant C is also independent of 5 > for (5 small. From Theorem [2] it 
then follows that in the case that ([9]) holds on (^o, ii), for (5 > small enough, then 
M is a smooth solution of the Navier-Stokes equation on (to, On the other hand 

(HI) holds whenever u € C (^{to, ti) , Hi (T^)^ , and hence C (^{to, h) , (T^)^ is a 

regularity class for the Navier-Stokes equation (this is a classical result due to Giga 
in [5] and v. Wahl in [10]). Also, there is an 77 > such that ([9]) holds whenever u 
satisfies de following property 

limsup||M(t) -?i(t2)||^i .J,,,, < ?7, for all t2e(<o,ii), 

and hence, in such a case ("small discontinuities in (T'') are allowed"), u is 
smooth. 

This last assertion should be compared with the recent results in [3], and the 
main result in [7]. 

5.2. On Corollary [TJ As we said in the introduction, among the hypothesis of 
Corollary[l] it is not needed to have ip, the initial condition, to be real-valued nor 
we need to use Leray-Hopf 's Existence Theorem (as in the proof we have suggested 
in the introduction). Indeed, from the proof of Theorem [31 it is easy to see that 
there is an e > such that if the initial condition -0 (real-valued or not) satisfies 

11^112 < 

then the solution to any finite dimensional Galerkin approximation to ^ has $ (2) 
norm smaller than e. Therefore, the LP' (T'^)-norms of the Galerkin approxima- 
tions to ([T]) remain uniformly bounded, and hence, using the weak compactness of 
(T"^): we obtain a weak solution to the Navier-Stokes system (in the sense of 
Leray-Hopf, except that the energy inequality may not hold), and by the proof of 
Theorem [2] (see Remark after the end of the proof of Theorem [2j and also take 
into account that if u (x, t) condition has $ (2)-norm uniformly small in time, then 
the energy inequality, which prevents backscattering, is not needed in the proof of 
Theorem [5]), this will be a strong solution of ([1]). 
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